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$1. INTRODUCTION 
IN RECENT years, there has been an increasing interest in the role proper maps play in 
various topological theories. In this paper, smooth immersion theory is examined, in part, 
from the point of view that all maps and homotopies in the category should be proper maps. 
The basic problem considered is the following: Let M” be an open, n-dimensional 
manifold. Let f, g : M” + R4 be proper C” immersions (q 2 n). 
Under what conditions is there a proper, regular homotopy of immersions connecting 
f,s? 
A necessary condition is that S, g be regularly homotopic immersions. It is interesting 
that this condition is also sufficient, in case q 2 n + 1. The precise details are discussed in 
Theorem 1. 
In the special case where M” is Euclidean n-space, the result is: up to proper regular 
homotopy of immersions, there is only one proper immersion of R” into R4(q 2 n i- 1). 
The details are discussed in the corollary to Theorem 1. 
The Euclidean space case, above, was posed by A. Haefliger as an interesting geometrical 
problem. He considered the proper immersion,f: R’ -+ R2 which can be described as joining, 
in a C” fashion, an Archimedean spiral to the negative real axis. 
Note that the standard theories due to Hirsch [I], and later developed by Phillips, 
Poenaru, do not consider the geometry of proper maps. 
At the center of this paper is the rather delicate proper homotopy constructed in Propo- 
sition B. The contractibility of Euclidean space is essential to the construction. Combining 
this proposition with the main theorems in Hirsch [ 11, with special emphasis on his approxi- 
mation results, a proof of Theorem 1 is established. 
In case the target space is Euclidean, it is possible to use the proper homotopy in 
Proposition B to study proper maps which satisfy certain “open ” conditions, from the 
point of view developed by Gromov. This study will be taken up in a later paper. 
This paper was written in Paris last year during a leave of absence. While there, I had 
many useful discussions about proper maps with Sandy Blank. Using different techniques, 
he gave an elegant proof of the proper immersion theorem for Euclidean spaces (corollary to 
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Theorem 1). These techniques can also be used to prove a corresponding theorem for proper 
embeddings of Euclidean spaces. 
82. NOTATION AND DEFINITIONS 
Throughout this paper Rq will denote Euclidean q-space; Z will denote the interval 
10, 11. 
Proper map: Let A, B be topological spaces. 
(i) Let f: A + B be continuous. f is a proper map iff- ‘(X) is compact in A, for any 
compact subset Xin B. 
(ii) Let H : A x Z + B be a homotopy. His a proper homotopy if H is also a proper map. 
Thus for example the inclusion i : RP -+ Rq(q 2 p) is a proper map, whereas the inclusion of 
the open interval, j: (0, 1) + R’ is not a proper map. 
Remark. A proper homotopy in the sense of (ii) satisfies the following property: (ii) (a). 
Let H, be the corresponding map at stage t, 0 I t I 1. Then H, : A --f B is a proper map. 
Some writers take (ii) (a) to be the definition of a proper homotopy. Examples show that 
these definitions do differ; in the case of Immersion theory into Euclidean space, however, 
the corresponding theories yield the same results (see Remarks at the end of this paper). 
It is a simple exercise to verify that the relation of proper homotopy, on the set of 
proper maps from A into B, is in fact an equivalence relation. 
Open manifold. An open manifold is a second-countable, C”, manifold without bound- 
ary such that each connected component is non-compact. The following facts about open 
manifolds are well-known and will be used in the course of this paper. 
Let X be an open n-dimensional manifold. Define a decomposition of X to be a sequence 
{V,},j = 1, 2, 3, . . . ) of compact n-dimensional submanifolds such that: 
(i) lJ 5 = X. 
(ii) Vj c interior (V,+,),,j = 1, 2, 3, . . . . 
PROPOSITION. Every open manifold admits a decomposition. 
It is easy to see that X admits a decomposition *Xadmits a C” proper functionf : X + 
R’. If X is connected, the proposition is well-known [3]. In general, proper C” functions 
can be constructed. Or, one can proceed as follows: Let X = uXj be a decomposition of X 
into connected components. For each integer j 2 1, let {Vji} be a decomposition for Xi. 
Define a sequence (W,}, k = 1, 2, 3, . . . , of subsets of X as follows: 
W, = V,‘; w, = v,k u Vzk-l u VSk-2 .** u Vk’, k 2 2. 
The sequence { W,} satisfies the following properties : 
(i) U W, = X, and W, is compact, k 2 1. 
(ii) W, E interior (W,, 1), k 2 1. 
In this way the sequence {W,} provides a decomposition for X. 
Remark. Let X be an open manifold and {Vj} a decomposition for X. Let T c X be a 
compact subset. Then T G V, for some integer m. 
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Immersion. The notion of C” immersion and regular homotopy of C” immersions is 
defined as in Hirsch [I]. 
Let A, B be open manifolds. Denote by Im(A, B) the space of C” immersions from A to 
B (in the usual C’ compact-open topology). Since the relation of regular homotopy of 
immersions is an equivalence relation on the space Im(A, B), one can form the quotient; 
denote by Im[A, B] the quotient set of regular homotopy classes of C” immersions from 
A to B. 
Proper immersion. LetS: A -+ B bea C” immersion.fis a proper immersion iffis also a 
proper map. A proper, regular homotopy of immersions is a homotopy H : A x Z -+ B, such 
that: 
(i) H is a proper homotopy. 
(ii) H is a regular homotopy of C” immersions. 
Denote by Im,(A, B) the subspace of Im(A, B) defined by the proper immersions. Clearly 
the relation of proper, regular homotopy defines an equivalence relation on Im,(A, B). 
Again one can form the quotient; denote by Im,[A, B], the quotient set of proper, regular, 
homotopy classes of immersions so obtained. 
There is a natural map, @ : ImJA, B] -+ Im[A, B] defined as follows : Let [f] E 
ImJA, B], wheref: A --f B is a proper immersion. Define @([f]) = {f}, the class in Im[A, B] 
to which f belongs. Clearly @ is well defined; indeed if two proper immersions are properly, 
regularly homotopic, they are, afortiori, regularly homotopic. In this paper, a calculation of 
Im,[A, B] in terms of Im[A, B] is carried out in a special case which is of interest. 
THEOREM 1. Let M be an open n-dimensional manifold. Let q be any integer, q 2 n + 1. 
Then, CD : ImJM, R4] + Im[M, Rq] is a set bijection. 
Theorem 1 depends on a delicate construction outlined in Proposition B, as well as an 
interesting application of the approximation arguments used by Hirsch in the main theorems 
of [l]. The following lemma is useful in the proof of Theorem 1. 
LEMMA 1. Let X be a topological space. Let f: X + Rq be a proper map. Let g : X -+ Rq 
be a continuous map such that d(f, g) -C 6, for some positive real number 6. Then g is a proper 
map. 
ProoJ: Let Bk denote the closed ball in Rq with center the origin and radius k, k = 1, 
2, 3, . . . . It is sufficient to prove that g- ‘(Bk) is compact in X, k = 1, 2, 3, . . . . Let n be an 
integer chosen so that 0 < 6 < n. Since d(f, g) < 6, it is easy to see that g-‘(Bk) E f -l(Bk+,,). 
But f is a proper map; thus g-‘(Bk) is a closed subspace of a compact space; hence g-‘(B& 
is compact. The proof of Theorem 1 begins with two propositions. 
PROPOSITION A. Let M” be an open, n-dimensional manifold, n 2 1. Let K = M” x I and 
let A c K x I be the submanifold, A = M” x (0, l}. Letf: A --f Rq - (0) be a continuous map. 
Suppose q 2 n + 1. Then f extends to a continuous map g : K -+ Rq - (0). 
PROPOSITION B. Let M” be an open, n-dimensional manifold, n 2 1. Let K = M” x I and 
let A = M” x (0, I}. Let f: A + Rq be a proper map such that, f(A) c Rq - (0). Suppose 
q 2 n + 1. Then f extends to a proper map g : K + Rq. 
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Proof of Proposition A. Note that Rq - (0) has the same homotopy type as Sq-‘. Thus 
71i(Rq - (0)) = 0, i < q - 2; n,_,(R’ - (0)) N 2. 
Following the theory of obstructions, the obstructions to extendingflie in the coho- 
mology groups, Hj+‘(K, A; zj(Rq - (0))). From the above remarks, the first non-trivial ob- 
struction occurs in the group, Hq(K, A; Z). Since the dimension of K is n + 1, it follows that 
there is no obstruction to extending f in case q 2 n + 2. In case q = n + 1, the final ob- 
struction to an extension lies in the group H”+l (K, A; Z). Consider now the part of the 
cohomology sequence for the pair (K, A) with Z coefficients, 
. ..H”(A.Z):H”+‘(K,A;Z)+H”+‘(K;Z)+... 
Since K deformation retracts to M” x {0}, it follows that H”+‘(K; Z) = 0. Since A is an 
n-dimensional, open, manifold, it follows from cohomology theory that, H”(A; Z) = 0. By 
exactness one concludes that H”+l (K, A; Z) = 0. Hence the final obstruction must vanish 
as well. Thus f extends to some continuous map g : K + Rq - (0). 
Proof of Proposition B. Let { Vj}, j = 1, 2, 3, . . . , be a decomposition of the given mani- 
fold of M”. Note that the sequence of compact manifolds, { Vj x (0, l}}, j = 1, 2, 3, . . . , 
provides a decomposition of the open manifold A = M” x (0, l}. Let (Bj}, j = 1, 2, 3, . . . , 
be the sequence of closed balls in Rq with center the origin and radius j. Let {rj}, j = 1, 2, 3, 
. . . , be a sequence of positive integers, chosen so that the following properties obtain: 
(i) 0 < rj < rj+l, for every j, and lim rj = 00. 
(ii) f ((V,,, , - t$,) X (0, I}) n B,_:~~ for every j 2 2. 
Note that since f: A + Rq is proper, such a sequence, (rj}, exists. The sequence {V,,}, 
j= 1, 2, 3 , **-, also provides a decomposition for M”; relabelling, if necessary, one thus 
obtains a decomposition, {Vj}, j = 1, 2, 3, . . . , for M” such that the following property 
obtains :
f((V,+, - Vi) X (0, 1)) n Bj_1 = 4, for every j 2 2. 
Applying Proposition A, f extends to some continuous map, 
gr: K+Rq--0). 
(1) 
The rest of the proof for Proposition B details certain modifications which change gr, 
(rel A), to a proper map g : K + R q. Before stating the required modifications on gl, the 
following well-known facts about weak topologies are stated. 
Let X be a locally compact, Hausdorff, space. The X satisfies the following properties: 
(i) X is compactly generated. 
(ii) Let {A,) be a closed, locally finite cover for X. Then the topology on X is coherent 
with the family {A,}. 
Note that K = M” x Z and K x Z are both locally compact, Hausdorff spaces. 
Let L be the submanifold of K defined as follows: 
L= &v,xz. 
k=l 
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M”x 1 f 
M”x0 
I 
(V,,, - J/,) x Z 
3 
Note that (?I/, x (0, I> E V,,, - k V x (0, I}; hence applying formula (1) 
f(% x (0, 11) n %, = 4, k r 2. 
Consider the complex A u L c K. The family of subsets, {A, 8V, x Z, k 2 1}, defines 
a closed, locally finite cover for A u L. The first modification is to change g1 to a map, 
(rel A), which is proper along the “struts”, {aV, x I}. 
Consider the homotopy D : (A u L) x Z--v Rq - {0} defined as follows: For each k 2 2, 
let D, : Rq - (0) x Z--t Rq - {0}, be a deformation retract of Rq - (0) onto Rq - Bk_l, such 
that: 
(9 D,(Y, 0) = Y. 
(ii) D,(y, 1) E Rq - B,_,, where y E Rq - (0). 
From the facts that f(aV, x (0, 1)) n I?,_, = 4, k 2 2, and that aV, x (0, I> is compact, 
k 2 1, it follows that one can assume D, keeps f(aV, x (0, 1)) pointwise fixed under the 
deformation, k 2 2. Define now, D : (A u L) x I-+ Rq - (0) as follows: Let (p, t) be a 
point in (A u L) x Z. 
g,(p), if (P, t) E A x Z. 
D(P, t) = 
I 
g,(p), if (P, f) E (86 x I> x Z. 
Dk(gl(dr 0, if (P, 6 E (W x Z) x Z, k 2 2. 
D is well-defined: Indeed (a& x I) n (dVj x I) = 4, k #j; thus one need only check that D 
is well-defined along A. Let a E A n (i?V, x I) = aV, x (0, l}. Recall that g1 extendsf; that 
is, g,(u) =f(u), a E A. Since, for k 2 2, D, keepsf(W, x (0, 1)) pointwise fixed under the 
deformation, it follows that, D(u, t) =f(u) = gl(u), for a E 8V, x (0, l}, k 2 2. Since D is 
clearly well-defined along A n (ab’, x I), it follows from the above considerations that D is 
well-defined along A. D is continuous: Indeed (A u L) x Z is a locally compact Hausdorff 
space. Moreover the family of subsets {A x Z, (dV, x Z) x I, k 2 l} forms a locally 
finite, closed, cover of (A u L) x I. Since D is clearly continuous when restricted to each 
element of this cover, it follows that D is a continuous map. Thus D is a homotopy. Note 
300 DAVID SPRING 
that, D(p, 0) = g,(p), p E A u L, and that D(y, 1) E Rq - B,_,, y E aV, x Z, k 2 2. The 
following situation now obtains: 
(i) g1 : K + Rq - (0) is continuous. 
(ii) D is a homotopy of the restriction of g1 to the subcomplex A u L. 
Applying the Covering Homotopy Theorem for complexes to the pair (K, A u L), D extends 
to a homotopy, B : K x Z --f Rq - (0). 
Define the continuous map g2 : K-t Rq - (0) by the equation, g,(y) = a(~, 1). The 
map g2 clearly satisfies the following properties: 
(i) g,(a) =f@), aeA. 
(ii) gz(aVk x I) n B,_, = I$, k 2 2. (2) 
In this way, .f extends to a map g z : K + Rq - (0) which is proper along the “ struts ” L. 
The map g2 is now modified to produce a proper map g : K -+ Rq. 
Define a sequence of subcomplexes {C,}, k = 1, 2, 3, . . . , of K as follows: C, = V, x I; 
C, = (V, - V,_,) x I, k 2 2. Note that C, is a P.L. manifold with boundary. The sequence 
{C,} satisfies the following properties: 
(i) u Ck = K. 
(ii) Ck is compact for every k. 
(iii) The family of subsets {A, C,, k = I, 2, 3, . . . > defines a closed, locally finite cover 
for K. 
(iv) Xk+l = V’,, - Vk x (0, 1) u (aV, u a&+,) x I, k 2 1. 
(v) Ck n Ck+l = dV, x I, k 2 1. 
av, x I 
Ck 
(Vk,l - V,) x z 
C k+l 
\ 
A 
/ 
C k+2 J 
Observe that gz(8Ck + 1) n B, _ 1 = 4, k 2 2. Indeed, applying (iv) and formula (2) above, 
g2(aVk x I) n B,_, = g2(dVk+1 x Z) n B,_, = 4, k 2 2. Also, g2(Vk+, - I’, x (0, I}) = 
f(v,+, - v, x (0, l}), and hence by formula (l), g&k+1 - l$, x (0, 1)) n B,_, = 4, k 2 2. 
One constructs now a second homotopy, E: K x Z + Rq - (0). Let Ek : Rq - (0) 
x Z --f Rq - (0) be a deformation retract from Rq - (0) onto Rq - B,_, , k 2 3 such that: 
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(i) E&, 0) = y. 
(ii) E,(J), 1) E Rq - B,_, , J’ E Rq - (0). 
Since gz(8Ck+,) n B,_, = 4, k 2 2 (or equivalently, gr(‘?C,) n B,_, = 4, k 2 3) and also 
that X, is compact, one can assume that Ek keeps g*(K,) pointwise fixed, k 2 3, during 
the deformation. Note that, in particular, E, keeps g2(i)I/, x 1) pointwise fixed. 
Define now E : K x I -+ Rq - {0} as follows: Let (p, t) be a point in K x I. 
( 
g&h if (P, t) E (A u C, u C,) x 1. 
E(fy t, = &(S2(P), f), if (p, t) E C, x 1, k 2 3. 
E is well-defined. Indeed CB n Ck+l = dV, x I, k 2 1. Since Ek keeps gz(K,) pointwise 
fixed and Ek+ , keeps g*(K,+,) pointwise fixed, k 2 3, it follows that, 
E(P, r) = E&z(p), t) = &+r(g&), r) =g&‘),p E aI’, x 1, k 2 3. 
Also E3(g2(p), t) = g*(p), p E ar/, x 1. Hence E is well-defined across the common boundary 
to C,, Ck+r, for all k. 
Lastly, let a E A. Then c1 E X, for some k. Again using the fact that Ek keeps gr(dC,) 
pointwise fixed, k > 3, it follows that, 
E@, t> _ (h(Q), if k 5 2. 
\&(g&4,f) = g&r>, if k r 3. 
Thus E is well-defined along A. Note that, 
(i) E(P, 0) = g&9, P E K. 
(ii) E(a, t) = g2(a), a E A. 
(iii) E(y,l)~R~-B~-~,k23,y~C~. 
Since K x I is locally compact and Hausdorff, and since the family of sets {A x I, C, x 1, 
k= 1,2.3!..., 1 forms a closed locally finite cover for K x Z, E is a continuous map since 
the restriction of E to each element in the cover is clearly continuous. Thus E is indeed a 
homotopy. 
Define now the continuous map g : K --t Rq - (0) by the equation g(j)) = E(y, 1). Thus 
g : K -+ Rq - (0) satisfies the following properties: 
k2 
(9 s(a) = g,(4 =f(4, a E A. 
(ii) g(C,) n B,_, = 4, k 2 3. 
LEMhlA 2. Let g : K -+ Rq be the map de$ned above. Then g is a proper map. 
Proof. Let T c Rq be compact. Thus T c B, for some integer m 2 1. But g(C,) n B,, = r$ 
mfl 
m + 2. Thus g-‘(T) E u Cj . Since each Cj is compact, the closed set g-‘(T) is contained 
j=i 
in a compact subset of K; hence g-‘(T) is compact in K. This proves that g is a proper map, 
and hence Proposition B is proved. 
Proof of Theorem 1. Let M be an open, n-dimensional manifold. It is required to prove 
that @ : ImJM, Rq] --f Im[M, Rq] is a set bijection. First of all, Im[M, Rq] = 4 implies 
ImJM, Rq] = 4. Indeed any proper immersion qualifies as an immersion. 
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@ is surjective. By the above remarks, one can assume Im[M, Rq] # 4. Let cc E 
I.< ..n. . e . . 
ImlM, Kyl; 1etJ : M --t Rq be a C” immersion representing tl. Let h : M -+ R’ be any proper 
map. Let i : R’ -+ Rq be the natural inclusion; then i 0 h : M -+ Rq is a proper map. 
[Note. It is well-known that proper, real-valued functions on open manifolds exist. For 
the purposes of this proof, h is arbitrary.] Let 6 > 0 be a fixed positive number. Applying 
Theorem 5.10 in Hirsch [I], one concludes that there is a Cm immersionf, : M + Rq such 
that: 
(i) fi, f are in the same regular homotopy class of immersions. 
(ii) d(j;, h) < 6. 
From (ii) and Lemma 1, fi : A4 -+ Rq is a proper map. From (i) f, fi, both define the class 
o! E Im[M, Rq]. Let /zl E Im,[M, Rq] be the class defined by f,. Clearly Q(p) = U. This proves 
that @ is a surjection. 
Q is injectiue. Let PO , & be classes in ImJM, Rq]. Let f. ,fi be representatives of /lo , PI 
respectively. Thus fi : M -+ Rq is a C” proper immersion, i = 0, 1. It is required to prove 
that, 0(/J,) = CD(&) implies & = Dr. 
In other words, iffO ,fi are regularly homotopic immersions, then there is also a proper, 
regular homotopy of immersions connecting f. , fi. Because of the need to use &approxi- 
mations, the notation and results of Hirsch [I] will be adhered to at this point. 
Let T,(X) denote the tangent n-frame bundle over the manifold X. Since the tangent 
bundle to Rq is trivial there is a bundle isomorphism (fixed throughout the ensuing dis- 
cussion), 7',',(Rq) = Rq x V,,,, where Vq,n is the Stiefel manifold of n-frames in Rq. Let 
rr : Tn(Rq) + Vq," be projection onto the second factor. Let F : M x Z -+ Rq be a regular 
homotopy of C” immersions connecting f. , fi. Let F : T,(M) x Z-r T,,(Rq) be the induced 
homotopy on the tangent n-frame bundles. Thus there is a commutative diagram, 
T,(M) x Z 2 7"(Rq) = Rq x V,,, 
I 0x1 
F 
MxZ - RP. 
Here cr is the bundle projection map. Because of the special form of 7’,‘,(Rq), one can write F 
in the following way: Let Y be a tangent n-frame in T,(M). 
Then F( Y, t) = (F 0 (rr x 1) (Y, t), n 0 F( Y, t)) E Rq x Vqsn. 
For convenience, denote by (P, , F,j the corresponding bundie map at stage t, 0 I t 2 i. 
Thus Ej is the map on the tangent n-frame bundle induced by the immersion f, , j = 0, 1. 
Let A = M x (0, l} c M x I. 
Denote by f: A + Rq the restriction to A of the map F: M x Z + Rq. Since f. , fi are 
proper maps, f: A + Rq is a proper map. Recall that, by hypothesis, q > n = dim(A); since 
f is C”, one can assume, by transversality, that f: A + Rq -{O}. Applying Proposition B, 
f extends to a proper map, g : M x Z -+ Rq - (0). A homotopy of bundle maps, S : 7',',(M) 
x Z -+ Tn(Rq) is now constructed so that the following diagram commutes: 
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T”(M) x I I Rq x vq,, 
I ax1 
cl 
MXI - R4. 
Let Y denote a tangent n-frame in T,(M). Define a( Y, t) = (g 0 (a x l)( Y, t), rr 0 F( Y, t)). 
S satisfies the following properties: 
(i) g is continuous. Indeed each of the maps, g, r~ x I, IC, F, is continuous. 
(ii) c o S = g 0 (a x 1). This follows from the definition of a. 
Clearly (ii) is just the condition that the diagram commutes. 
Let (J1, g,) denote the corresponding bundle map at stage t, 0 I t I 1. Since g extends 
f:A+Rq,gj=fj(=Fj),j=O,l,andhence, 
(gj 7 Sj) = (Fj 3 Fj), j=O, 1. (3) 
Let 6 > 0 be fixed positive number. Applying Theorem 5.9 in Hirsch [I], there exists a 
homotopy of C” immersions, H: M x I + Rq satisfying the following properties: 
(i) 4K s) < 6. 
(ii) Let B be the homotopy of bundle maps induced by H. Let (W,, H,) denote the 
corresponding bundle map at stage t, 0 I t < 1. Then (Wj , Hj) = (Sj , gj), j = 0, 1. 
From (ii) and formula (3), it follows that (Rj, Hj) = (~j, Fj), j = 0, 1. Thus H is a 
regular homotopy of C” immersions connecting fO, f,. Lastly H is a proper map. Indeed, 
g : M x I -+ Rq is a proper map; from (i) and Lemma 1, it follows that H is proper. Thus H 
is a proper, regular homotopy of C” immersions connecting fO, fi. This proves that /& = pi 
and hence that Q is injective. 
COROLLARY. Up to proper, regular homotopy of C” immersions, there is ody one proper 
immersion of R” into Rq(q 2 n + 1). 
Proof. Applying Theorem 1, @ : Im,[R”, Rq] + Im[R”, Rq] is a set bijection. From 
standard immersion theory, Im[R”, Rq] = {e}, the set with one element. Thus Im,,[R”, Rq] = 
{e}. A representative for ImJR”, Rq] is the inclusion map i : R” -+ Rq. In this way, Haefliger’s 
problem is resolved in a general setting. 
Remarks. Let M” be an open, n-dimensional manifold. Let fO, fi : M” -+ Rq(q 2 n + 1) 
be C” proper immersions. Consider the following notions of homotopy: 
(a) f. , fi are connected by a proper regular homotopy of C” immersions. 
(b) fO, fi are connected by a regular homotopy of C” immersions which is proper at 
each stage t, 0 5 t I 1. 
(c) f. , fi are regularly homotopic. 
The implications, (a) * (b) + (c) are clear. Applying the injectivity part of the con- 
clusions in Theorem 1, it follows that (c) =E. (a). 
Thus (a), (b), (c), are equivalent notions of regular homotopy for this range of dimensions. 
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Recall that Im,(M”, R4) denotes the subspace of Im(M”, RQ) consisting of the proper 
immersions. 
THEOREM 2. Let S : Im,(M”, Rq) + Im(M”, Rq) be the natural incfusion map. Suppose 
q 2 n + 1. Then the induced map, S* : nO(Im,(M”, Rq)j -+ rrO(Im(Mn, Rq)j, is a set bijection 
on the arc-components. 
Proof. By definition, fO, fi E Im(M”, Rq) lie in the same arc-component if and only if 
.f, , fi are regularly homotopic. Also fO, fi E Im,(M”, Rq) lie in the same arc-component if 
and only if fO, fi are regularly homotopic by a homotopy which is proper at each stage 
t, 0 5 t I 1. Theorem 2 is then a trivial consequence of Theorem 1 (using the remarks 
following Theorem 1). The following easy extension of Lemma 1 is useful for the proof of 
Theorem 3 below. 
LEMMA 3. Let X be a topological space. Let f: X -+ Rq be a proper map. Let g : X + Rq 
be a continuous map such that d(f, g) < 6 (6 > 0). Thenf, g are properly homotopic. 
n....-r T -4 II. ” ., r rr”“J. lxL rl . * A 1 i 3’ $je ihe flari&Cjpj, H c_,fo x *Where jL : v .’ n A I -3 X iS ihe i;iTP 
jection map onto the first factor. It is easy to see that n is a proper map, and hence that H 
is a proper map. 
Define HI : X x I -+ Rq as follows: 
H,(Y, r) = t *f(y) + (1 - t) . g(y), for (JJ, t) E X x 1. 
Since d(f, g) < 5, it follows that d(H,, H) < 6. Applying Lemma 1, HI is a proper map. 
Clearly HI is a proper homotopy connectingf, g. Let A, B be topological spaces. Denote 
by [A, B], the set of proper homotopy classes of proper maps from A to B. 
THEOREM 3. Let M” be an open, n-dimensional manifold. Let q be an integer, q 2 n + 1. 
Then [M”, Rq], = {e}, the set with one element. 
Proof. [M”, Rq], # 4, since proper maps into Euclidean space exist. Let f, g : A/i” -+ Rq 
be proper maps. Let 6 > 0 be a positive real number. Since any continuous map can be 
&approximated by a C” map, one can assume, following Lemma 3, thatf, g are proper C” 
maps. Applying transversality theory (q 2 n + l), one can further assume that 0 E Rq is not 
in the image off, g. It follows now from Proposition B that f, g, are properly homotopic. 
Thus [M”, Rq], = (e}. 
COROLLARY. Let A/in be a connected, open n-dimensional manifold. Let f: M” -+ R’” be 
a proper map. The f is properly homotopic to a C” embedding. 
Proof. Hirsch has essentially proved [2], that there exists a proper C” embedding 
g : M” -+ R’“. Since 2n 2 n + 1 for n 2 1, it follows from Theorem 3 that f, g, are properly 
1~_ ~~_._ ._ nomoropic. 
Remarks. It is not difficult to extend the corollary to the case where M” is not connected. 
THEOREM 4. Let M” be an n-dimensional manifold. Let J g : M” + Rq be proper C” 
embeddings. Suppose q 2 2n + 3. Then f, g are properly isotopic. 
Proof. Note that f (M), g(M) are closed subspaces of Rq. Applying transversality theory 
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one can assumef(M) n g(M) = 4. It follows from Theorem 3 that there is a proper homo- 
topy, H, : M” x I -+ Rq connectingf, g. Applying Lemma 1 twice, one can change the map 
HI, rel M” x (0, I>, to a proper map H: M” x I -+ Rq such that: 
(i) His C”. 
(ii) H is in general position. 
From (ii) and the hypothesis that q 2 2n + 3, it follows that H is a C” embedding. Thus H 
is a proper isotopy connectingf, g. 
Remarks. One can probably extend Whitney’s process for the elimination of double 
points to the case of proper maps. Thus Theorem 4 would remain valid in case q 2 2n + 2, 
n 2 2. To conclude we state two conjectures which generalize Theorems 1, 3. 
Conjecture 1. Theorem 1 remains valid in case M” is non-compact. Recall that a non- 
compact manifold is a C” manifold with boundary such that each connected component 
is non-compact. Thus a closed half space in Rq is a non-compact manifold. 
Let A, B be topological spaces. Denote by Hom,(A, B) the space of proper maps from 
A into B (in the compact open topology). 
Conjecture 2. Let M” be an open n-dimensional manifold. Let q be any integer, q 2 n + 1. 
Then, rri(Homp(M”, Rq)) = 0, 0 I i I q - n - 1. 
Remarks. Conjecture 2 may be true for all i as no counter-examples are known. The 
reason for the restricted range of values for i is as follows: Let ,? : S’+ Hom,(M”, Rq) be 
a continuous map. Thus J(y) : M” + X4 is a proper map, y E S’. Let E(%) : S’ x M” --) Rq be 
the evaluation map, E(E.)(y, m) = J(y)(nz). Note that E(A) is continuous, but is not neces- 
sarily a proper map. In case E(n) is C” and, 0 < i < q - n - 1, one can assume, by trans- 
versality, that 0 E Rq is not in the image of E(A). Hence Proposition B can be applied where 
needed. __-_-_-. 
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3. 
REFERENCES 
M. W. HIRSCH: Immersions of manifolds, Trans. Am. math. Snc. 93 (1959), 242-276. 
M. W. HIRSCH: On imbedding differentiable open n-manifolds in Euclidean space, Ann. Math. 73 (1961), 
566-571. 
A. PHILLIPS: Submersions of open manifolds, Topology 6 (1966), 171-206. 
University of Toronto 
